Introduction
In this paper we are concerned with the following p x -Laplacian problem: Abstract and Applied Analysis F-3 f x, t f |x|, t , for any x, t ∈ Ω × R.
F-4 f x, t
−f x, −t , for any x, t ∈ Ω × R.
F-5 h x ∈ C Ω , h x h |x| > 0 for any 0 / x ∈ Ω and h 0 0.
In this paper, we mainly consider the singularity, that is, lim 
∞.
Here we explain some notations employed in this paper: Let P Ω be the set of all Lebesgue measurable functions p : Ω → 1, ∞ . For all p x ∈ P Ω , we denote When p x ≡ p is a constant function, the p-Laplacian problem related to SobolevHardy inequality had been studied by many authors, either is the bounded domain or in the whole space R N , see, for example, 1-4 . In recent years, along with variable Sobolev spaces L p x Ω and W m,p x Ω being used, there are a lot of studies on p x -Laplacian problems, see [5] [6] [7] [8] , and the theory on problems with p x -growth conditions has important applications in nonlinear elastic mechanics and electrorheological fluids, see 9-12 . In 13 , Fu discussed the existence of solutions for a class of p x -Laplacian equation with critical growth by establishing a principle of concentration compactness. The method employed in this paper is a extension of the argument in 13, 14 . This paper is organized as follows: in Section 2 we deal with some preliminary materials and technical results; in Section 3 we give the proof of a principle of concentration compactness; in Section 4 we study the problem of p x -Laplacian equation with the critical Sobolev-Hardy exponent.
Preliminaries
In this section we first recall some facts on variable exponent Lebesgue space L p x Ω and variable exponent Sobolev space W 1,p x Ω , where Ω ⊂ R N is an open set, see 15-19 for the details.
Let p x ∈ P Ω and
The variable exponent Lebesgue space L p x Ω is the class of functions u such that
Ω is a Banach space endowed with the norm 2.1 . For a given p x ∈ P Ω , we define the conjugate function p x as: 
We assume that k is a given positive integer. 
with the norm
Ω is a Banach space. 
is a Caracheodory function and satisfies
where
x is a continuous and bounded operator. 
Theorem 2.11. Assume that 0 ∈ Ω and the boundary of Ω possesses the cone property. Suppose
There is a continuous embedding
2.10
By Theorems 2.7 and 2.10, we have
2.11
Furthermore, we obtain Ω |u|
|x| −s x Ω , then by the closed graph theorem in Banach space, we get the continuous embedding
The Principle of Concentration Compactness
In this section, we will establish the principle of concentration compactness in W 1,p x 0 Ω . We denote by M Ω the space of finite nonnegative Borel measures on Ω. A sequence μ n → μ weakly- * in M Ω is defined by μ n , u → μ, u , for any u ∈ C Ω C ∞ Ω . We first give two lemmas. From 13 we can obtain the proof of the following lemmas. Assume that p x is Lipschitz continuous satisfying 2.4 and s x is continuous on Ω. 
3.3
as n → ∞. Then the limit measures are of the form
where J is a countable set, 
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Proof. By Lemma 3.2, for every δ > 0, there exists k δ > 0 such that for 0 < r < R with r/R ≤ k δ ,
3.6
Let 
3.7
Thus,
3.9
Let δ → 0 and R → 0, then we get
that is,
3.11
By 
Existence of Solutions
Let O N be the group of orthogonal linear transformations in R N , and G is a subgroup of O N . For x / 0, we denote the cardinality of G x {gx : g ∈ G} by |G x | and set
Ω . The subspace of invariant functions is defined by
4.2
The critical points of I u , that is, 
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Proof. Suppose that I u n → c, c ∈ R, and I u n → 0 in W
4.4
By Young's inequality, for ε 1 ∈ 0, 1 , we get
From h x /|x| s x → ∞ as x → 0, we get that there exists H > 0 such that h x /|x| s x > H for any x ∈ Ω, so we have
4.7
Take ε 1 and ε 2 sufficiently small such that Cε 1 < a/2 and C ε 1 ε 2 ≤ bH, thus,
if n is sufficiently large. Furthermore, we obtain u n 1,p < ∞.
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Note that
4.9
Because {u n } is bounded in W 
4.10
Then we have that f x, u n q is bounded. By
we get I 5 → 0. Next we show that I 4 → 0. Note that 
4.26
As h 0 0, μ 0 0, thus, ν 0 0. Next we consider ν j for any j ∈ J. Suppose ∃j 0 ∈ J such that ν j 0 > 0. Note that u n ∈ W
As the measure ν is finite, that is a contradiction. So we obtain that ν 0 0 and ν j 0 for any j ∈ J. Thus,
4.27
By Lemma 3.1, we obtain lim n → ∞ Ω |u n − u|
We obtain that {u n } possesses a subsequence still denoted by {u n } , such that I i → 0, i 1, . . . , 5, as n → ∞. Thus, Ω |∇u n | p x −2 ∇u n − |∇u| p x −2 ∇u ∇u n − ∇u dx → 0, as n → ∞. As in the proof of Theorem 3.1 in 5 , we divide Ω into two parts:
We have
Ω is a separable and reflexive Banach space, W 
